A necessary and sufficient condition is applied to determine the possibility of multiple positive steady states in a complex, active membrane transport model with a cycle, which is performed by pump proteins coupled to a source of metabolic energy. A set of rate constants and two corresponding steady states are computed. Hysteresis phenomena are observed. A signature of multiplicity is derived, which can be applied in mechanism identifications if steady-state concentrations for some species are measured. The bifurcation of multiple steady states is also displayed.
Introduction
Biological systems can sometimes give rise to complex behavior, such as oscillations, multiple steady states and unstable steady states. Active transport, an important path to self-regulation and self-control in living cells, is performed by pump proteins coupled to a source of metabolic energy, usually ATP hydrolysis. These pumps contain specific binding sites for the transported solute and for the molecule involved in the energy supply. The transport is accomplished by a conformational change of the pump in transferring the solute across the membrane. This process can be modeled by specific kinetic steps for the binding and conformational changes, which are similar to those occurring in standard chemical kinetics. Some theoretical and experimental studies on this field have been done [1] [2] [3] [4] . Based on some experimental results [5] [6] [7] [8] [9] , Vieira and Bisch [10] have recently proposed a model (model 5) with monomers as pump units. They have applied stoichiometric network analysis [11 -13] to study the stability of steady states and have found a set of rate constants showing steady-state multiplicity. Recently, a necessary and sufficient condition for the determination of multiple positive steady states in isothermal chemical reaction networks was developed [14] . (A positive steady state is one for which all species have positive concentrations.) In this work, the condition is apReprint requests to Prof. Hsing-Ya Li; Fax: (37) 332397, E-mail: hyli@mail.lctc.edu.tw plied to show the possibility of multiple steady states in the Models of [10] . Moreover, the results indicate that there exist some "signatures" of steady-state multiplicities which are useful for mechanism identifications in experimental studies. A set of positive rate constants and two corresponding positive steady states are constructed. Hysteresis phenomena and bifurcation of multiplicity are demonstrated. dcg _ . .
Theoretical Background
where c,, / = 1, ..., 8 denote respectively the concentrations of species A j, A 2 , ..., A 8 , and k t denotes the rate constant for the reaction i j. From (1 b), two mass conservation conditions must be satisfied: In steady states, all species concentrations do not change with time (t), i.e. dc,/df=0, t = 1, ..., 8. We are interested to know whether there exists a set of positive rate constants for network (1 a) such that its (isothermal) mass action differential equations (lb) admit more than one positive steady state under the constraint of mass conservation (lc).
Based upon a parameter transformation and linear algebra, a necessary and sufficient condition for the determination of multiple positive steady states in general reaction networks has been proved in [14] . The assumptions are that the systems are isothermal, the density is constant, the reactions are mass actions, and the steady states are positive. They can be applied to networks with or without cycles. According to the method, the necessary and sufficient condition forms a system of inequalities and equations of If the answer is yes, the set of solutions {/u., a L , L=1, ..., r--5} to the conditions (i) and (ii) can be used to construct a set of positive rate constants and two corresponding positive steady states c' and c". They are presented in the Appendix.
Results and Discussion
A spanning subnetwork of a network under consideration consists of all the irreversible reactions and one (and only one) reaction of each reversible reaction pair. A spanning subnetwork for network (la) can be constructed in the following way: 
The three sets of linearly independent solutions of (4) 7 -/x 8 must have the same sign, and the sign must be the same as /xj -/x 6 . Thus, the terms whose signs are allowed to be changed independently are /x 2 -/xi, am~~AM' jx x -/x 6 and /x 4 -/x 3 . Several cases are listed in Table 1 If E, j > 0, (7) leads to /x 6 > /x 5 > fi 4 > fx x > fx 2 > fx 3 , which contradicts the assumption /x t > /x 6 . If £i<0, (7) leads to fi^ fx 2 > fx 3 > fi 6 > /x 5 > fx 4 , which contradicts the assumption /x 4 > /x 3 . Thus, there doesn't exist any solution of (6a)-(6i). According to the necessary and sufficient condition, network (1) <-a 2 < U2 exp(/^4)J ' (8c) Equation (8c) says If £ 2 >0, (8c) leads to AM<0 and fx 4 <0. From (8b) we have AM<0, Vz' = l, ..., 6. Satisfaction of the mass conservation condition requires that ^t 8 >0and fx 7 <0, which contradicts (8a). If £ 2 <0, we get fij>0, Vt = 1, ..., 6, /x 8 <0 and /x 7 >0, which again contradicts (8a).Thus, there is no solution of (6a)-(6i) such that /x is sign compatible with the stoichiometric subspace for network (1) . According to the necessary and sufficient condition, network (1) cannot admit multiple positive steady states for this case. The cases No. 5, 6, and 7 in Table 1 
According to (9b) and the formula shown in the Appendix, a set of rate constants and two corresponding positive steady state c' and c" are constructed in (10) . The steady states in (10b) satisfy the mass conservation conditions mentioned in (lc). The change of the steady state concentration with the rate constant k Ax _> A2 for network (10a) has been simulated numerically by the Runge-Kutta method. In Fig. 1 , the steady states and bistability occurring in network (10a) are illustrated as hysteresis with variation of the rate constantThe steady states c\ andc^'inFig. 1 are those given in (10b). The steady state c' in (10b) is established at a smaller k Al^Al (less than about 2.59), Inside the cusp regions, there are three steady states, two stable ones and one unstable one. Only a single steady state exists outside.
Concluding Remarks
The necessary and sufficient condition is applied to show that network (1) has the capacity to admit multiple steady states. The vector /me @t N in the condition is defined by two mass-conservation positive steady states c' and c" [14] : (ID From (11) , the /t can be viewed as "signatures" of steady-state multiplicities. For network (1), the results in Table 1 show one set of signatures (No. 8) of multiple positive steady states and deny other seven signatures (No. 1-7). Note that if a pair of steady states, c' and c", is consistent with one of these systems in Table 1 , the same pair will be consistent with the inversion, the system obtained by reversing all the inequality signs. This is true simply by interchanging the roles of the two steady states in calculating p in (11) . Thus, the results of Table 1 tually include all of the sixteen cases with no equality signs. For the signatures involving equality signs, the analysis is easier and one can follow the similar procedures discussed above. The inequality (9 a) can be applied to identify the reaction mechanism if steady-state concentrations for some species are measured.
